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Objects under Study

@ A stochastic process: X;, 0 <t<T, X;e R",
@ A deterministic differentiable curve: x;, 0 <t < T,

@ Atime depending radius R; > 0,0 <t < T.

°
TR = mf{t : |Xt — Xt’ > Rt}
°
oo tATR . tATR
Xt—x+Z/ aj(s,w,xs)deJr/ b(s,w, Xs)ds (1)
i=1 70 0
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Contents

@ Lower bounds for
P(rr>T)=P(|X: — xt| < Ry, forallt < T).
@ Lower Bounds for expectations:
E(f(XT)18.(y0)(X7) )
@ Lower Bounds for Distribution Functions:
P(XX >y, i=1,..,n)

@ Two main cases Elliptic and Log-Normal
@ Lower Bounds for Option Pricing

© Callon abasket: Y; = Y7, giX".

@ Asian Options. Y; = [ 7, qiX;“ .
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General Hypotheses

@ Adapted: t — oj(t,w, X;), t — b(t,w, X;) are adapted to the
filtration of W.

@ Locally Bounded:

00
‘b(t/\ TR,U),Xt/\TR” + Z ‘U/(t/\ TFf?w?Xt/\TH)‘ < Ct.
j=1

@ Locally Lipshitz continuous: for every t < s < 7
- 2
Z EI(‘Uj(Sa W, XS) - Uj(t7w7 Xl‘)| 1{TR<S}) < L?(S - t)
j=1

@ Locally Elliptic:
At < oot (tw, Xi) <t
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Growth Conditions

@ Growth condition: The functions c;, Lt, A\t and ~; belong to some
L(u, h), where

e For h> 0, > 1 we define L(u, h) to be the class of non negative
functions such that

f(t) < pf(s) if |s—t| <h

If f(s) = 0 for some s then u = !
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_ MainResut JVCILESTE
Main Result

Theorem
Under the General Hypotheses

P(tg > T) > exp(— / Fx(t)dt))

. 2
with Qn — 84n+4ﬂ_ne2lu2n +20n4-25 and

1 22 1 1 |92
am_ﬁ L<A+R)+ v
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Main Result Related Topics

@ Osanger-Machlup function (see Ikeda-Watanabe): for an elliptic
diffusion process one may compute:

lim A% In P(sup | XX — x| < R) = cr(x,y).
R—0

t<T

@ Our result is not assymptotic.
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Related Topics Cont.

@ Lower bounds for the density of the law [2, 10, 11] (between
others):

pr(x,y) = P(X{ € dy) > qr(x,y).

In fact we are not interested in the problem of existence of a
density.

@ Estimations of the Law of the Supremum. See, for example [7]
(One dimensional case)

P[sup Xs > Z].

s<T
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Sketch of the proof of the main result Step 1

Step 1. Decomposition Fort,h >0

Xizh =Xt + Gip+ Uy

[e.e]

Gin=Y ojt.w, X;) (W, — W)  Gaussian
j=1
o t+h '
Un = Y- [ (05,0 = oyt X)) aW?
=171

t+h
t
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Sketch of the proof of the main result Remarks

Conditionally with respect to F;, G;  is Gaussian, G; p is (roughly
speaking) of size v/h. For h sufficiently small Gt is the principal term
and U , is a reminder which may be ignored.

Problem:
How small h has to be in order to be able to ignore U; p.

If htends to 0 our lower bound is of the form P(rg > T) > ¢~ /" If we
do so we obtain P(rg > T) > 0 — just nothing.
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Sketch of the proof of the main result Step 2

Step 2. Short time behavior. For each t € (0, T), there exist
aq, ao, az > 0 depending on the parameters ¢, Ly, A¢, v+ such that, if

(i) vh<ay,
t+h
(ii) / 10xs[2ds <
t
then, for z € R" such that |z — x¢| < az then

Pil|Xisn — 2| <7 > t+ h] > Kh"2,
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Sketch of the proof of the main result Step 3

As in Bally [2], Kohatsu [12] we work with an evolution sequence in the
following sense

Lemma

@ There exists a time grid {tx} an hx, ak 1, ok 2, ak 3 Such that for
each k the conditions on Step 2 are satisfied.

o Let
1 .
Ak = {OJ| ‘Xl‘,-,1 — Xt,-’ < E\/Atih,',l = 1,...,k} N {T,E,v > tk,1}
Then
P(Ak) > p"2P(Ak-1),
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The Elliptic Case Elliptic Conditions

o
‘b(t/\ TR7w7Xt/\’TR)‘ + Z ‘U](t/\ TFfuw?Xt/\TF[)‘ S C.
j=1

@ Locally Lipschitz continuous, for every s < t < 7
Z Et(‘Uj(t,W, Xi) - O'j(S,UJ, )(S)‘2 1{7’,q<t}) < Lz(t - S)'
j=1

@ Locally Elliptic
A< oo (t,w,Xi) <.

The bounds do not depend on time
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The Elliptic Case The Theorem in The Elliptic Case

Theorem
In the Elliptic case we have

2
P(sup | X; — x| < R) > exp(—Cr(K + X=Xy,
t<T T

In particular:

2
P(Xr —y| < R) > exp(—Cr(K + Y=Ly,

AT
where, we take y € R" and the straight line
X=X+ ly - x).
T v
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The Elliptic Case proof

Proof
For the straight line, we have |0:x;| = 1T ly — x| so

1 1 1
Fx(t) = E + Csz(X + ﬁ) +

ly — x|?
N

and

T 1 11 ly — x|?
Fe(t)dt = T( + PL3(~ + 5)) + :
| Rt = TG+ 2+ )+ Y7
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Ib(t,w, X)) +§]@ 2 <c|X?

> Es(loj(s,w, Xs) — a(t,w, X0)|?) < L3(t — $)E( sup |X,[)

i s<u<t
@ Forsome0 < A<1<x

12

max;—1 n | X!

AAfJﬂiL# < 00" (tw, Xi) <7 |X°
MiNj=1 n ’Xt‘
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The Log-normal Case The Theorem in the Log-normal Case

Theorem
In the Log-normal case we have

P(|Xt — x¢t| < Bm(x), forallt < T)

> exp {—CT(G(X) +0(y))? (1 + dZ(TXAy)) }

where 1-t)T 4T
xi(t) = x Tyl T mOxa) = min|xi(1)]
_ , i
d(x,y) =max|Iny' —In x" : 0(x) = max —.
i=1,n ij X
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The Log-normal Case Remark Log-normal case

@ The bound in the Elliptic case

y —x|?
exp{—CT <K+ T .

@ The bound in the Log-normal case

exp {_cr(e(x) +0(y))? <1 + dZ(AXTy)> }

i
, 0(x) = max X,

Iny" —Inx’
Y ij X

d(x,y) = max

i=1,n
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Corollary

The good distance is the Logarithmic one

_ , i
Iny" —In x" : 6(x) = max —.

d(x,y) = max ax

i=1,n

Corollary
In the Log-normal case, we obtain:

P(sup (X x) < R) > exp(-Cr(o(x) + 0021 + L)
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Expectation Estimates

@ Lety e R" e >0andu > 1. We define L}‘,’(u, ¢) to be the class of
positive functions such that

f(y) < pf(x) Vx e Bi(y).

Theorem
Forevery f € L (u,c) one has

E((XE) 5,00 (XD) )
1 K(x,2) [, | d(x.2)?
ZMZ/&(yo)f(z)exp{ 10 2<K TONT >})dz'

where d(x, y) is a good distance.
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Distribution Functions

Theorem
Estimations of the Distribution Functions

PIXE >y, i=1,..,0]

1 / { CrK(x,z) ( d(x, z)2>}
> expld — L2 (g 02 VL gs
T 1B Jizisyli=1, 0 P d(x, yo)2e? AT

where d(x, y) is a good distance.
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Particular cases in the Log-normal case

@ Log-normal diffusion

axi

5= S ot w)dW] + bi(t,w)dt, i=1,n. 2)
t j=1
]
n .
Y; = Zx{.
j=1
o

t n .
Z = / > Xids.
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Option pricing Basket

Theorem
E[(YT — K)4]
o 1
> - K —Cr (1 + K(x, 1+ — az,
> [ row{-a0 k) (14 g ) o
where 5
K(X,Z): lnw
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Option pricing Assian Option

Theorem

El(Zr - K).)
> [Tz Kyew {_c, (14 K'(x,2)) (1 . (Z_1K)+> } o,

B. FE. M. (Marne la Valée, UNAM) Estimations Near a Curve CFP 2003 24/25



fin
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